CONTRACTING ENDOMORPHISMS AND DUALIZING 

COMPLEXES 



SAEED NASSEH AND SEAN SATHER-WAGSTAFF 



Abstract. We investigate how one can detect the dualizing property for a 
chain complex over a commutative local noetherian ring R. Our focus is on 
homological properties of contracting endomorphisms of R, e.g., the Frobenius 
endomorphism when R contains a field of positive characteristic. 



Introduction 

Throughout this paper, the term "ring" means "commutative noetherian ring 
with identity" , and "module" means "unital module" . A ring is "complete" if it is 
complete (i.e., separated and complete) with respect to its Jacobson radical. Let 
R be a ring. For this section, assume that (R, m, k) is local. 

An idea in commutative algebra that is now standard is the following: interesting 
properties of R can be detected by homological conditions on fc; when R contains 
a field of positive characteristic, such properties of R can be detected similarly by 
n R. Here n R is the additive abelian group R viewed as an i?-module via restriction 
of scalars along the nth iterated Frobenius map : R —> R given by r *-> r p . 

The somewhat canonical example of this is Auslander, Buchsbaum, Kunz, Rod- 
icio, and Serre's work [3J [5U (5^1 GH] characterizing regular rings in terms of fi- 
nite projective dimension of k and finite flat dimension of n R. Analogous char- 
acterizations of the Gorenstein property are built from Auslander and Bridger's 
G-dimension [2] (or using similar ideas) by Goto, Iyengar, Sather-Wagstaff, Taka- 
hashi, and Yoshino p i l2"3 [ 133] . 

A comparable characterization of the dualizing property for i?-complexes in terms 
of derived reflexive behavior of k goes back to Hartshorne and Grothendieck [21] . 
The point of this paper is to give similar characterizations of dualizing complexes 
with respect to n R. We frame the conversation in terms of Christensen's semidu- 
alizing complexes [llj (coming from Avramov and Foxby's relative dualizing com- 
plexes [5]), and following Avramov, Iyengar, and Miller [5] in terms of contracting 
endomorphisms. (See Section[T]for terminology and background results.) A special 
case of one of our main results is the following, which we prove in [ 



Theorem A. Let ip: R — >■ R be a module-finite contracting endomorphism, and 
let C be a semidualizing R-complex. Let n R be the additive abelian group R viewed 
as an R-module via restriction of scalars along the n-fold composition ip n : R — > R. 
Then the following conditions are equivalent: 
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(i) C is a dualizing R-complex. 

(ii) C ~ RHom fl ("i?, C) for some n > 0. 

(iii) Gc-dim ,l R < oo and C is derived RHonifj( ,l R, C) -reflexive for some n > 0. 

(iv) Gc-dim™i? < oo for infinitely many n > 0. 

//i? /ias a dualizing complex D, then these conditions are equivalent to the following: 

(v) Gc-dim"R < oo and n R ®^ : RHom^C, D) is derived IUIomii(C, D) -reflexive 
for some n > 0. 

A standard technique for working with the Frobenius involves reducing to the 
case where R is infinite. The next result shows how this works in our setting; it is 
contained in Theorem 14.21 

Theorem B. Let R be a local ring of prime characteristic p > 0, and let C be a 
semidualizing R-complex. Then the following conditions are equivalent: 

(i) C is a dualizing R-complex. 

(ii) There is a complete weakly Stale F -finite local R-algebra S such that S <X>^ C 
is dualizing for S . 

(iii) There is a complete weakly etale F -finite local R-algebra S such that for in- 
finitely many n > one has G^L^-dim /<? < oo. 

(iv) There is a complete weakly etale F -finite local R-algebra S such that for some 
n > one has G S8 L C -dim/g < oo and n S®>g RHom^ (S'®^C, D s ) is derived 
RHoms^ ®^ C, D s ) -reflexive, where D s is a dualizing S-complex. 

It is worth noting that one of the focuses of this paper involves developing a 
similar method for reducing to the module-finite situation for other contracting 
endomorphisms . 

We conclude this section by summarizing the contents of the paper. Section [1] 
contains terminology and background content. Section [5] consists of analyses of 
a construction like RHomjj : ( n R,C) that is better suited for endomorphisms that 
are not module-finite. In Section [3] we prove results including Theorem [X] above 
about general contracting endomorphisms, and in Section |4] we focus briefly on 
the Frobenius endomorphism. Finally, Appendix [A] contains a somewhat general 
construction of module-finite contracting endomorphisms. 



1. Semidualizing complexes and Gc-dimension 

In this section, we recall definitions and background material on semidualizing 
complexes and related notions. We begin by specifying our notation for complexes 
and derived categories. The reader may find [TH [2TJ |34j [35] to be useful for more 
background. 

1.1. In this paper, i?-complexes are indexed homologically 



M = Mi M,-_i 

For each integer i, the ith suspension (or shift) of M, denoted Y. l M, is the complex 
with (T l M) n = Af„_, and 9f M = {-ifd^. 

The derived category of the category of R- modules is denoted T>{R). Isomor- 
phisms in T>(R) are identified by the symbol ~ and isomorphisms up to shift are 
designated by ~. 
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Fix i?-complexes M and N. Let inf(M) and sup(M) denote the infimum and 
supremum, respectively, of the set {n 6 Z H n (M) ^ 0}, with the conventions 
sup(0) = — oo and inf(0) = oo. The complex M is homologicaUy bounded if 
Hi(_M) = for all \i\ 3> 0; it is degree-wise homologicaUy finite if each Hj(Af) 
is finitely generated; and it is homologicaUy finite if ©jHj(JVf) is finitely gener- 
ated. If M is degree-wise homologicaUy hnite and inf(M) ^ — oo, then M admits 
a degree-wise finite free resolution, that is, an isomorphism F ^> M in T>(R) such 
that each F{ is a finitely generated free i?-module and F{ = for i < inf(M). 

Let M® R N and RHom^(M, N) denote the left-derived tensor product and right- 
derived homomorphism complexes. Let pd R (M), fd_fj(M), and id_fj(M) denote the 
projective, flat, and injective dimensions of M, as in ;4|. A ring homomorphism 
R — > S has finite flat dimension if fdfl(S') is finite. When R is a local ring with 
residue field k, the depth of M is depth^(M) := — sup(RHom^(fc, M)). 

The ideas behind semidualizing complexes go back, e.g. to Grothendieck's dualiz- 
ing complexes |21] and the relative dualizing complexes of Avramov and Foxby [5] Q 
The generality that we work in for this paper is from Christensen [llj . 

Definition 1.2. An i?-complex C is semidualizing if it is homologicaUy finite and 
the "homothety morphism" Xc- ^ RHoniR(C, C) is an isomorphism in T>(R). 
An i?-complex D is dualizing if it is semidualizing and has finite injective dimension. 

Fact 1.3. If R is a homomorphic image of a Gorenstein ring, e.g., if R is complete, 
then R admits a dualizing complex by [21] §V.10]. 

Fact 1.4. Let ip: (R, m) — > (S, n) be a local ring homomorphism of finite fiat dimen- 
sion, and let M be a homologicaUy finite i?-complex. From [11] (5.7) Proposition] 
and [TTJ Theorem 4.5] we know that S <8>^ M is semidualizing for S if and only if 
M is semidualizing for R. When cp is flat, the complex S® R M is dualizing for S if 
and only if M is dualizing for R and S/xaS is Gorenstein by [51 (4.2) Proposition, 
(5.1) Theorem] 

The next categories come from Avramov and Foxby [B] and Christensen [llj . 

Definition 1.5. Let C be a semidualizing i?-complex. The Auslander class with 
respect to C is the full subcategory Ac{R) Q D{R) consisting of the homologicaUy 
bounded i?-complexes M such that C ® R M is homologicaUy bounded and the nat- 
ural morphism 7^: M — > RHom^(C, C <g> R M) is an isomorphism in T>(R). The 
Bass class with respect to C is the full subcategory Bc{R) Q D(R) consisting of 
the homologicaUy bounded i?-complexes M such that RHoniR (C, M) is homolog- 
icaUy bounded and the natural morphism C ®\ HRom. R (C, M) — > M is an 
isomorphism in V(R). 

Definition 1.6. Let C and M be i?- complexes. We set := RHom fi (A/, C) and 
M^cfc : = (MTo)tc, The i?-complex M is derived C -reflexive when the complexes 
M and are homologicaUy finite and the "biduality morphism" : M —¥ 

Aftotc is an isomorphism in T>(R). 



The history summarized in this section is skeletal at best. For a more thorough discussion, 
the interested reader may find 1311 helpful. 

2 This can be done more generally using Gorenstein homomorphisms, but we do not need that 
level of generality here; see [5]. 

^ Avramov, Iyengar, and Lipman 1101 Theorem 2] show that this definition is redundant when 
C is semidualizing. 
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Gc-dim fl (Af) := 



Definition 1.7. Let C be a semidualizing i?-complex. Set 

'inf(C) - inf (RHom fl (M, C)) if M is derived C-reflexive 
oo otherwise. 

When C = R we write G-dim/j(M) in place of Gc-dimft(M); this is the G- 
dimension of Auslander and Bridger [2! and Yassemi |36j . 

Fact 1.8 ([TTJ (3.14) Theorem]). Let C be a semidualizing i?-complex, and let M 
be an i?-complex such that Gc-dim^(M) < oo. Then 

Gc-dimi?(Af) = depth(i?) - depth H (M). 

Fact 1.9. Assume that R has a dualizing complex D. Each homologically finite 
i?-complex M is derived D-reflexive by [2TJ Proposition V.2.1] or [TTJ (8.4) Propo- 
sition]. Furthermore, for each semidualizing i?-complex C, the complex C^ D is also 
semidualizing; see [TTJ (2.11) Theorem]. 

Definition 1.10. Let R be local with residue field k, and let M be a homologically 
finite i?-complex. The Poincare and Bass series of M are the formal Laurant series 

P« (t) : = ^ dim fc (Torf (M, jfe))t* and jjf (t) := ^ dim fc (Ext 4 fl ,(fc, M))t*. 
Fact 1.11. For a semidualizing i?-complex C we have from [T4J Theorem 4.1(a)]: 

/5(t) = iT WK(0,0) (*) = ^(*)^(*). 

Our next topic is from Avramov, Foxby, and Herzog [7]. 

Definition 1.12. Let tp: (R, m) — > (S,n) be a local ring homomorphism. The 
semi- completion of </? is the composition tp: R — > S of ip and the inclusion S —> 5. 

The map 93 is said to be weakly regular if it is flat with regular closed fibre. If 
tp is flat, we define the depth and embedding dimension of <p to be depth(^) := 
depth(5/mS) and edim(y>) := cdim(5/m5). If tp is weakly regular of embedding 
dimension 0, we say that tp is weakly etale or that S is a weakly Stale R-algebra. 

A regular (resp. Gorenstein) factorization of is a diagram of local homo- 

morphisms R R' — > S where <p = tp'tp, tp is flat, R'/mR' is regular (resp. 
Gorenstein), and ip' is surjective. By [7J (1.1) Theorem], the semi-completion tp 
admits a regular factorization R—t-R'—t-S such that R' is complete; this is called 
a Cohen factorization of tp. 

Given a regular factorization R R' S 1 for it is straightforward to 
show that ediia(tp) ^ cdim(S'/mS'); this factorization is minimal if edim(<^) = 
edun(S/mS). 

The focus of this paper is on Gc-dimension of local homomorphisms, though we 
do require the following slightly greater generality for a few results. See [30] . 

Definition 1.13. Let tp: R — > S be a local ring homomorphism and M a homologi- 
cally finite S'-complex. Fix a semidualizing i?-complex C and a Cohen factorization 

R R' — > S of the semi-completion tp. The Gc -dimension of M over tp is 

Gc-dinv(M) := G R/ ^L C -dim R >(S ®g M) - edim(^). 

The Gc-dimension of tp is Gc-dim(tp) := Gc-dim ¥ ,(S'). In the case C = R, we 
follow [23] and set G-dim v (M) := Gfl-dim v (M) and G-dim(y>) := Gfl-dim(yi). 
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Fact 1.14. Let tp: R —> S be a local homomorphism, C a semidualizing i?-complcx, 
and M a homologically finite ^-complex. 

(a) The quantities Gc-dim y (M), Gc-dim^ (S ®g M), and G^^ c -dim^(S ®£ M) 
are simultaneously finite, by an argument as in |23( 3.4.1]. 

(b) If tp admits a Gorenstein factorization R ^ R' —} S, then Gc-dim ¥ ,(M) = 
G R ,^L C -dimji'(M) — depth(y>), as in [23l 3.8. Proposition]. 

(c) If R admits a dualizing complex D, then Gc l -dim ¥ ,(M) < oo if and only if M 
is in A c i D (R), by [301 2.2.3]. 

Definition 1.15. Let y>: i? — > R be a ring endomorphism. For n — 1,2,... let 
tp n denote the n-fold composition of tp with itself. Each endomorphism tp n defines 
a new i?-module structure on R, which we denote as n R: specifically for r G R 
and s G n R, we have r ■ s — tp n (r)afl If (i?,m) is local, then tp is contracting if 
V n (tn) C m 2 for n > 0. 

If i? contains a field of characteristic p > 0, then the Frobenius endomorphism 
//j : i? — > R given by r i— > r p is a contracting endomorphism, and i? is F -finite when 
: i? is finitely generated over R. 

2. Complexes Induced From Ring Homomorphisms 

This section contains foundational results about the following tool from 17 that 
is central to our study of Gc-dimensions of local ring homomorphisms. 

Notation 2.1. Let tp: R — s> S be a local homomorphism that has a Gorenstein 
factorization R R' — -> 5. Given an i?-complex M, we set 

M(</j) := E d RHom fl , (S, R' ®\ M) 

where d = depth (93). 

Remark 2.2. Let ip: R . — >• 5 be a local homomorphism that has a Gorenstein 
factorization, and let M be a homologically finite i?-complex. The i?-complex 
M(tp) is independent of the choice of Gorenstein factorization by [TTJ Theorem 
6.5(a)]. If C is semidualizing for R, then C(tp) is semidualizing for S if and only if 
Gc-dim(iy9) < 00, by Fact 11.41 and [TTJ (6.1) Theorem]. Also, if C is dualizing for 
R, then C((p) is dualizing for S by 17j Remark 6.7]. If <p is module-finite, then 
C{tp) ~ RHom^S, C) by Q7| Theorem 6.5(c)]. 

Definition 2.3. Let tp: R — > R be a contracting endomorphism. A factorized 
pushout diagram is a commutative diagram of local ring homomorphisms 

R^+S 



R' 





Ip t/l 






a' 











S 1 (2.3.1) 



This of course depends on tp, but this notation is fairly standard. 



S. NASSEH AND S. SATHER-WAGSTAFF 



such that the maps a and a' have finite flat dimension, the diagrams R ^ R' —> R 

and S — > S' — > S are Gorenstein factorizations of <p and tp, respectively, and the 
natural morphism S' <8>^/ R —> S is an isomorphism. 

Remark 2.4. Factorized pushout diagrams exist in at least two important cases: 

(1) Consider a commutative diagram of local ring homomorphisms 

(i2,m)-^(S,n) 
[R,m) (S,n) 

such that a and 5 are weakly regular, S is complete, and the induced map R/m — > 

S/n is separable. Assume that ip has a minimal regular factorization R R 1 S, 

and fix a minimal Cohen factorization R S" S of <J5. Then [27l Proposition 
3.2] provides a weakly regular local ring homomorphism a' : R' — > S' satisfying the 
hypotheses of Lemma l2~5l 

(2) For the Frobenius endomorphism, such diagrams are built in Lemma 14. II 

The next few results explain behavior of the M(<^)-construction with respect to 
factorized pushout diagrams. 

Lemma 2.5. Let C be a semidualizing R-complex, and fix a factorized pushout 
diagram (|2.3.1|) . 

(a) The following conditions are equivalent: 

(i) Gc-dim ip < oo, 

(ii) G s®^c- dim V' < oo, 

(iii) C(ip) is semidualizing for R, and 

(iv) [S <£)ft C)(ip) is semidualizing for S . 

(b) Gc-dim tp + edim(^) = G s ^i ^-divaip + edim(^). 

Proof. From (TTJ, Theorem 4.8] we have 

= G S'«.|(s®L C) -dim5'(S'). 

This explains part (jbj and the equivalence (i) <^=^- (ii) from part (jaj) . Since S <E)\ C 
is semidualizing for S by Fact 11.41 the equivalences (i) (iii) and (ii) (iv) 
from part (gj) are by Remark 12.21 □ 



Lemma 2.6. Consider a factorized pushout diagram (|2.3.1[) . Given a homologically 

^R 1 

where d — depth(^) — depth(<yi>). 



finite R-complex M , there is an isomorphism (S , (g>^M)(-0) ~ H d S®}~M(<p) inD(S) 
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Proof. In the following sequence of isomorphisms in T>(S), the first and fourth steps 
are by definition, and the second one is from the assumptions on diagram (|2.3.ip : 



(S<g>£M)(V>) ~ E depth ^'/ nS ')RHom S /(5,S" <g>£ (S®^M)) 

~ 5Z dcpth ( s '/ nS ')RHom S '(S" <®\, R, S' ®& (R' ®\ M)) 

~ EdepthCS'/nS')^/ g,L RHom^tf, i?' ®£ M) 

~ Z d S" M(^) 

~ Z d (S' ®& R) ®| M(^) 

~5I d S®|Af(^). 



The third isomorphism follows from [H 4.4 Lemma], and the others are routine. □ 

Lemma 2.7. Consider a factorized pushout diagram (|2.3.1[) such that R = R 
and S = S and a = a, that is, such that if and ip are endomorphisms. Let C 
be a semidualizing R-complex. Then C ~ C(ip) as R-complexes if and only if 
S ®\C ~ (S (g)^ C)(ip) as S -complexes. 

Proof. Since C is semidualizing over R and fd(ct) < oo, we know that S <g)^ C is 
semidualizing for 5 by Fact 11.41 

For the forward implication, assume that C ~ C((p) as i?-complexes. This implies 



by Lemma \2. 61 

For the converse, assume that S C ~ (S* ®^ C){ip) as S'-complexes. In 
particular, this implies that (S* (g>^ C)(?/>) is semidualizing for 5, so Lemma l2~5t fa]) 
implies that C(ip) is semidualizing over i?. Now, since 



Lemma 2.8. Fix a factorized pushout diagram (|2.3.ip such that R = R and S = S 
and a = a, that is, such that ip and ip are endomorphisms. Let C be a semidualizing 
R-complex. Assume that Gc-dim(</3) < oo. Then C is derived C {(f) -reflexive over 
R if and only if S <g>^ C is derived (S (g>^ C)(ip) -reflexive over S . 

Proof. Lemma l2~5l( a| implies that C(tp) is semidualizing for R, and (S (g>^ C)(V0 
is semidualizing for S. Thus, the equivalence follows from Lemma 12.61 and |17[ 
Theorem 4.8] as in the proof of Lemma \2. 71 □ 

The next two results document behavior of the M ((^-construction with respect 
to semi-completions and compositions. 

Lemma 2.9. Let R —> S be a local homomorphism that admits a Gorenstein 



S <gfe C ~ (S ®£ C){4>) ~S®\ (C(<p)) 



we conclude C ~ C{ip) by [13 Theorem 4.9]. 



□ 




Given a homologically 



M(<p) in V(S). 



s 
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Proof. Let R — > R! — > S be a Gorenstein factorization of ip. Consider the following 
commutative diagram where the new maps are the natural ones: 




Since ip' is surjective, we have S ~ R' <g>Jj, S, and the diagram R R' S is 
a Gorenstein factorization of ip = 5ip. Also, we have d := depth(0) = depth(7<^>). 
These explain the first, second, and last steps in the next sequence: 

M(ip) ~ E^RHom^S, R 1 ®\ M) 

~ Z d RHom S7 (S 7 5, R' ®\, (R' <g)£ M)) 

~ E^fl 7 RHom fi / (S, R' ®£ M) 

~ ®% Z d RH 0mi?/ (5, i?' <g>% M) 

~ (E 7 5) ®5 I d RHom ff (5, i?' ®A M) 

The third step is by flat base change since S is finite over R! . The remaining steps 
are routine. □ 

Lemma 2.10. Let (R, m) -A (S 1 , n) — > T be local homomorphisms such that ip, if), 
and tjjip admit Gorenstein factorizations. Given a homologically finite R-complex 
M , there is an isomorphism M(ipip) ~ M(ip)(ip) in T>{T). 

Proof. Case 1: T is complete. Let R R' S be a Gorenstein factorization 

of ip, and let S —+ S' T be a Cohen factorization of ip. Then S' is complete, 

so the map R' > S' has a minimal Cohen factorization R' A J?" -A S". Note 
that it follows from the proof of [7, (1.6) Theorem] that S' ~ i?" 5. From this 
we conclude that ?/> and p have isomorphic closed fibres. In particular, we have 
depth(p) = depth(^). 

Set d! = depth(?/;) and d" = depth(y>). We claim that the composition pip is 
Gorenstein and flat, and that 

d := depth(pip) = dcpth(p) + depth(y>) = depth(^i) 4- depth(ip) = d' + d". 

Indeed, the composition of flat local homomorphisms is flat and local. Furthermore, 

the induced map R'/mR' A R"/mR" is flat and local with closed fibre R"/m'R" 
where m' is the maximal ideal of R 1 . Since R'/mR 1 and R"/m'R" are both Goren- 
stein by assumption, the fact that p is flat and local implies that R"/mR" is Goren- 
stein, so pip is Gorenstein. Furthermore, the fact that p is flat and local explains 
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the second equality in the next sequence 

depth(pip) = depth(i?"/mi?") 

= depthCR'/mft') + dcpth(i?"/m'i?") 
= depth(p) + depth(^) 
= depth(^) + depth(<^>). 

The last step follows from the fact that p and ip are both flat and have isomorphic 
closed fibres. This establishes the claim. 
Thus, the diagram 

R R „ T 

is a Gorenstein factorization of ipip: 



R 




This explains the first, third, sixth, and eighth steps in the next display: 
M(tp)(ip) = Z d "RHom S /(T, S' <g>£ Z d 'RHom ff (S, R ®% M)) 
~ Z d ' +d "RHom s , (T, 5' ®§ RHom fl/ (S, i?' ®£ M)) 
~ Z d RHom S /(T, (J?" S) ®g RHom^(S*, R ®\ M)) 
~ E d RHom S ' (T, i?" <g>^ RHom^ (5, R' (g>% M)) 
~ I d RHomy(T, RHom^E" ®^ S, i?" ®^ (i?' ®^ M))) 
~ Z^RHomy (T, RHoniB" (5', fl" ®\ M)) 
~ Z d RHom/j» (T, i?" (g>^ M) 
= M(if>ip). 

The seventh step is Hom-tensor adjointness, and the others are routine. 

Case 2: the general case. Let ip : S — > T be the semi-completion of ip. Note that 
ipip: R — > T is the semi-completion of iptp. Thus, Lemma [2J3] explains the first and 
third isomorphisms in the next sequence 

f <g>£ M(iptp) ~ M($y>) ~ M(<p)(ip) ~ f ®£ 

and the second isomorphism is from Case 1 since T is complete. Hence, the con- 
clusion M(ipip) ~ M((p)(ip) follows from [T7l Lemma 1.10]. □ 

The interested reader may want to compare our next two results to |17l Propo- 
sition 6.10] which assumes that fd(<p) is finite. 

Proposition 2.11. Let R S be a local homomorphism that admits a Gorenstein 
factorization, and let C be a semidualizing R-complex. 

(a) Then one has if (ip) (i) = I%(t). 

(b) //G c -dimfoO is finite, then P§ Jt) = pK(t)I§(t)/I*(t). 
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Proof, (jaj) In the following display, the first equality is by definition: 

Ig [v \t) = j^ dRHom i?.'( s - R '®fl c ')(- i ) 

= t- d I%^ RC {t) 

= t- d I«(t)/P^ RC (t) 

=t- d i*{t)t d /pgit) 

The third equality is from [11] (1.7.8) Lemma]. The fourth and eighth equalities are 
by Fact 11.111 The fifth equality is from [THl Theorem] . The sixth equality is from 
the fact that (p is Gorenstein of depth d, and the remaining equalities are routine. 

(|b|) Assume that Gc-dim(tp) is finite, that is, that C((p) is a semidualizing S- 
complex; see Remark l2.2l Thus, Fact 1 1 . 1 II explains the first and third equalities in 
the next display: 

=i*(t)i§(t)/ig(t) 

= I%W S S (t)/[I%(t)/pK(t)} 
= P§W§(t). 

The second equality is from part (jaj), and the fourth equality is routine. □ 

Corollary 2.12. Let R -^V R be a local endomorphism. Assume that n is a positive 
integer such that tp n admits a Gorenstein factorization, and let C be a semidualizing 
R-complex. 

(a) Then one has I%^"\t) = Jg(i). 

(b) IfG c -dim(ip n ) is finite, then Pg, „Jt) = Pg(t). 

Proof. This follows directly from Proposition 12.111 since S — R in this case. □ 

3. Results about Contracting Endomorphisms 

This section contains the proof of Theorem |X] from the introduction and other 
similar results for arbitrary contracting endomorphisms. We begin with a version 
of [121 7.3. Corollary] for our situation. 

Proposition 3.1. Let if : (R, m) — > S be a local homomorphism and M a complex of 
S-modules that is homologically finite over R. Let C be a semidualizing R-complex. 
Then Gc-dim v (M) = Gc-dimn(M). In particular, the quantities Gc-dim v (M) 
and Gc-dim^(M) are simultaneously finite. 



Proof. Let S be the m-adic completion of S, and let ip: R — > S be the induced 



map. Let (p: R —> S denote the map induced on completions, and set C — i?(g)^C. 



Consider the Koszul complex K = K H (m) on a minimal generating sequence for m. 
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Arguing as in the proof of [23J 5.1. Theorem], and using [TT1 Theorem 4.4], we can 
replace M with K ®\ M to assume that m annihilates the homology of M. (The 
results [301 Proposition 4.1(a)] and P~3J Proposition 4.1 (i)] may be helpful here.) 
As in the proof of [23J 7.1. Theorem], it follows that S <g>£ M ~ R ®\ M in £>(#). 

Since the completion of <p at the maximal ideal of S is tp, Fact 11.141 implies that 
Gc-dim v (M) < oo if and only if Gg-dim^(S (g>g M) < oo if and only if S^Me 
Aq\ d (R), where I? is a dualizing complex for R. Using the isomorphism S<S)gM ~ 
we conclude that Gc-dim ¥ ,(M) < oo if and only if i? ®^ M € -4gt D C^)> 
that is, if and only if Gg-dim^(i? ®^ M) < oo, by [TTJ (4.7) Theorem]. Because 
of the equality Gg-dim^(E ®£ M) = G c -dmx R (M) from [11, (5.11) Corollary], it 
follows that Gc-dim v (M) < oo if and only if Gc-dimn(M) < oo. 

For the rest of the proof, assume that Gc-dim^(M) and Gc-dimn(M) are finite. 
As in the proof of [S3J 3.5. Theorem], using Fact 11.81 we have the first equality in 
the following display: 

G c -dim v (Af) = depth(iZ) - depth 5 (M) 
= depth(i?) - depth fl (M) 
= G c -dim R (M). 

The other equalities are from JS3J 2.8. Lemma] and Fact 11.81 □ 
The next result implies Theorem [A] from the introduction; see 13.41 

Theorem 3.2. Let tp: R — > R be a contracting endomorphism, and let C be a 
semidualizing R-complex. Assume that tp n has a Gorenstein factorization for each 
n ^ 1, e.g., this holds when tp is module-finite or R is complete. Then the following 
are equivalent: 

(i) C is a dualizing R-complex. 

(ii) C ~ C(<p n ) for some n > 0. 

(iii) Gc-dimt/?" < oo and C is derived C(tp n ) -reflexive for some n > 0. 

(iv) Gc-dim<p™ < oo for infinitely many n > 0. 

If R has a dualizing complex D, then these conditions are equivalent to the following: 

(v) Gc~d\mip n < oo and n R® R C^" is derived D -reflexive for some n > 0. 

Proof. (0) => (jlU Assume that C is a dualizing i?-complex. By Remark 1 2. 2) the 
complex C{tp n ) is dualizing for R. Since dualizing complexes are unique up to shift 
in T>(R), we have C ~ C(tp n ). 

ijuj) => (full) Assume that C ~ C(ip n ) for some n > 0. Since C is semidualiz- 
ing .R-complex, the condition C ~ C((p n ) implies that C(ip n ) is semidualizing R- 
complex. Remark 12 . 2 1 implies that Gc-dimtp n < oo. Since C is derived C-reflexive, 
the condition C ~ C(ip n ) implies that C is derived C(<p™)-reflexive. 

juH ==> lO Assume that Gc-dimi/3™ < oo and C is derived C(</?")-reflexive for 
some n > 0. Remark l2 . 21 implies that C{tp n ) is semidualizing, and Corollary |2.12[[b]) 
implies that C{tp n ) has the same Poincare series as C. Thus, we have C((p n ) ~ C 
by the proof of [3H Fact 2.28]. 

Thus, Lemma [2.101 implies that 

C(p 2n ) ~ (C(^))(^ n ) ~ C(^ n ) ~ c. 
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Thus, we have Gc-dimfl;(9? 2 ") < oo by Remark 12.21 Inductively, one shows that 
Gc-diniij((/j m ™) < oo for all m € N, hence condition Jjv} follows. 

(fry)) Assume that Gc*-dim<^™ < oo for infinitely many n > 0. Fact 11.141 

implies that Gc-dim^™ < oo if and only if G^ L ^-dim tp" < oo. Also, we know 

that C is dualizing for R if and only if R ®\ C is dualizing for R. Furthermore, 
ip 71 has a Cohen factorization for each n since R is complete. Thus, by passing to 
R, one may assume that R is complete. Hence, R has a dualizing complex D by 
Fact 11.31 Note that by [TTJ (2.12) Corollary], the i?-complex C^ D is semidualizing. 

By our hypothesis, Gc-dim(p n < oo for infinitely many n. Thus by Fact ll.l4[ fc1). 
we have n R € A(j\ D (R) and hence n R®\C^ D is homologically bounded for infinitely 
many n. Therefore, for infinitely many n we have Tor^(™R, C^ D ) — for all i 3> 
0. Now [2"3l 6.4. Proposition] implies pd fl (C^ D ) < oo and this is equivalent to 
idfl(C) < oo. Thus C is a dualizing complex for R. 

To complete the proof, we assume that R has a dualizing complex D and prove 
(jm| ^==> ( v )- To this end, we assume that n is a positive integer such that 
Gc-dimtp™ < oo, and we prove that C is derived C(v?"')-reflexive if and only if 
n R ®\ C^ D is derived C^ D -reflexive. Let R — > R' — > R be a Gorenstein factoriza- 
tion of tp n . 

We use the following fact from [TTl Proposition 3.9]: If A and B are semidualizing 
i?-complexes, then A is derived i?-reflexive if and only if B^ D is derived A^ D - 
reflexive. Thus, to complete the proof, we need only show that ( n R <gD^ C^ D )^ D ~ 
C((p n ). To this end, the first step in the next sequence is from Remark 12.21 

(™R <g>^ C tD ) tD ~ RHom» R ("R ®\ C tD , D{<p n )) 
~ RHom fl (C+M%")) 
- RHom K (C tD , RHom ff (™R, i?' ®\ D)) 
~ RHom ff ("i? (g>^ C tD , i?' (g)^ D) 
~ RHom^("R ®£, (i?' ®\ C^),R' D) 
~ RHom ff ( n R, RHom ff (R' ®\ C to , R' ®« D)) 
~ RHom ff ( n R, R' ®^ RHom fl (C tD , D)) 
~ RHom fl / ( n R, R' ®\C) 
~ C(^ n ). 

The second, fourth, and sixth steps are from Hom-tensor adjointness. The seventh 
step is by flat base change. The eighth step is by Fact ll.9[ and the other steps are 
routine. □ 

Remark 3.3. In Theorcm l3.2l (and its successors) we have more equivalent condi- 
tions, but they become tedious to write down. For instance, the given conditions 
are equivalent to the following: 

(li) C ~ C{tp n ) for all n > 0. 

Indeed, this condition clearly implies condition (JTTJ) from Theorem 13.21 And the 
proof of Theorem 13.21 shows that f[|) (ii) . One verifies similarly that the other 
conditions in Theorem 13.21 can be replaced with "for all" versions as well. 

3.4 (Proof of ThoeremEJ). Use Proposition EUJ RemarkOand Theorem|321 □ 
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To state and prove results that allow us, for instance, to pass to the completion, 
we introduce and briefly study the following class of diagrams. 

Definition 3.5. Let ip: R — > R be a contracting endomorphism. A commutative 
diagram of local ring homomorphisms 



(R,m) 



(i?,m) 



(S, n) 



(3.5.1) 



is cows if S is complete, the map a is weakly regular, and the map R/m — > S/n 
induced by atp is separable. 

Remark 3.6. Let p>: R — > R be a contracting endomorphism. One always has a 
trivial cows diagram Q3.5.ip : use the natural map a: R — s> R and ip = tp. More 
interestingly, Proposition IA.3I shows that if the R/ip(m)R is artinian and induced 
map Tp: k k is separable, then there is a cows diagram Q3.5.1P such that tp is 
module-finite. (See also Lemma IA.2I ) Thus, conditions (ii') and (hi') in The- 
orem I3.8I say that questions about Gc-dimensions (in the separable case) can be 
reduced to the module-finite case, like reducing a Frobenius question to the i^-finite 
case; c.f. Theorem I4.2I 

From another perspective, one reason to study cows diagrams is found in their 
similarity to Cohen factorizations: when the map tp is module-finite, it detects 
properties of ip like the surjective part <p>' of a Cohen factorization for (p or Cp. To 
see what we mean by this, recall that one point of considering tp' is given by the fact 
that many homological properties of tp can be detected by tp' . For instance, the map 
ip is quasi-Gorenstein if and only if p' is quasi-Gorenstein. We have seen similarly 
that many homological properties of ip can be detected by ip: e.g., under certain 
hypotheses, ip is quasi-Gorenstein if and only if ip is quasi-Gorenstein; see \27\ 
Theorem B] . 

Lemma 3.7. Every cows diagram (|3.5.ip gives rise to a commutative diagram 




(3.7.1) 



of local ring homomorphisms such that the second square is cows and a — a' f where 
f : R — > R is the natural map. Conversely, given a cows diagram for (p as in the 
second square of (|3 . 7. 1 [) . the following diagram is cows: 



(3.7.2) 




Proof. Given a commutative diagram (13.5.11) . since S is complete the local ho- 
momorphism a factors through R, so there is a local homomorphism a' mak- 
ing (|3.7.1[) commute. Conversely, given a commutative diagram as in the second 



14 



S. NASSEH AND S. SATHER-WAGSTAFF 



square of ()3.7.1[) . since the first square of (|3.7.ip commutes, it follows that the 
diagram (|3.7.2|) also commutes. Thus, it remains to show that the second square 
of (|3.7.1[) is cows if and only if (13.7.21) is cows. 

By construction the induced maps R/m — > S/n and R/mR —> S/n are the same, 
so one is separable if and only the other is separable. Thus, it remains to show that 
a' is weakly regular if and only if a' f is weakly regular. Since / is weakly regular 
and the composition of weakly regular maps is weakly regular, one implication is 
routine. For the converse, assume that a' f is weakly regular. Since a' and a' f 
have the same closed fibres, it suffices to show that a' is flat. This follows from the 
sequence Torf (R/m, S) Torf (R/mR, S) = for i ^ 1; see [TJ Lemme 11.57] or gj 
5.5 Proposition (F)]. □ 

Theorem 3.8. Let tp: R —> R be a contracting endomorphism, and let C be a 
semidualizing R-complex. Then the following conditions are equivalent: 

(i) C is a dualizing R-complex. 

(i') There is a cows diagram (|3.5.1|) such that S ®^ C is dualizing for S. 

(ii) R ®\ C ~ (R ®\ C)(p l ) for some n > 0. 

(ii') There is a cows diagram (|3.5.1[) such that S <E)^ C ~ (S ®^ C)(ip n ) for some 
n > 0. 

(iii) Gc-dimy™ < oo and R ®^ C is derived (R ®^ C)((p n ) -reflexive for some 
n>0. 

(iii') There is a cows diagram (|3.5.ip such that Gg^L^-dimi/j" < oo and S <g>^ C 

is derived (S Cg>^ C)(ip n ) -reflexive for some n > 0. 

(iv) Gc-dimy>" < oo for infinitely many n > 0. 

(iv') There is a cows diagram (|3.5.ip such that G Sl ^L C -dini'ip n < oo for infinitely 
many n > 0. 

(v') There is a cows diagram (|3.5.1jl such that Gg^Lp-dimi/'™ < oo and such that 
n S ®g'RHom s (S ®xC, D s ) is derived RHom s (S ®%C, D s ) -reflexive for some 
n > 0, where D s is a dualizing S-complex. 

If R has a dualizing complex D, then these conditions are equivalent to the following: 

(v) Gc-dim ip n < oo and n R Cg)|j C^ D is derived C^ D -reflexive for some n > 0. 

Proof. The equivalences (i) (i') and (iv) <^=> (iv') are from Fact 11.41 and 

Lemma I2.5f [aj) . 

For the rest of the proof, we consider two cases. 

Case 1: R is complete. In this case, Theorem 13 . 21 shows that we need only prove 
the equivalences (ii) •<=>■ (ii'), (iii) (iii ' ) , and (v) (v'). Consider a cows 
diagram (|3.5.1[> . Remark [2.4f 1) provides a a factorized pushout diagram (|2.3.1[) 
such that R — R and S = S and a = a. The equivalence (ii) •<=>■ (ii') now follows 
from Lemma l2~7l and (iii) <S=> (hi') follows from Lemmas l2.5t faj) and 12.81 

For the equivalence (v) (v') in this case, since R is complete, it has a 

dualizing complex D. Using Lemma l2.51[5| again, we see that G^Lg.-dimi/j™ < oo 
if and only if Gc-dmnp n < oo. Assume for the remainder of this paragraph that 
Gg^Lp-dim^/;" < oo. Since a is flat, there are isomorphisms in T>(S) 

RHoms(S ®£ C, S ®r D) ~ S ®^ C u 
n S <g>£ RHom s (S ®\ C, S <g>£ D) ~ S ®\ ( n R ®% C to ). 
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Thus, n S(E>^R,Roms(S(E)^C, S®^D) is derived RHom s (5(g)^C, S <g>^ -D)-reflexive 
if and only if n R (g>^ C to is derived C tD -reflexive, by [TTJ (5.10) Theorem]. 
Case 2: the general case. Fact II .41 shows that (i) is equivalent to 

(1) R ®\ C is a dualizing i?-complex. 

From Fact II .141 we see that conditions (hi) and (iv) are equivalent (respectively) 
to the following: 

(3) G^L^-dimyj" < oo and R ®^ C is derived (R (g>^ C)(^ Tl )-reflexive for some 
n > 0. 

(4) G j^^L c -dim tp"" < oo for inhnitely many n > 0. 
Claim: Condition (ii') is equivalent to the following: 

(2') There is a cows diagram 



(3.8.1) 



such that S <g>| (R ®£ C) - (S <g>| (R <g>£ C))(ip n ) for some n > 0. 
In light of Lemma 13. 7\ this follows from the isomorphisms 

(S ®| (R ®^ C))(V>") =s (5 ®k\ C)(^j n ) S ®| (i? (E)r C) ~ 5 ®^ C. 

Similar reasoning shows that conditions (hi') and (v') are equivalent (respec- 
tively) to the following: 

(3') There is a cows diagram (|3.8.1|) such that Gg^L^-dim^™ < oo and S'(S)~(ii(g>jj 

C) is derived (5 ®^ (R (8^ C))(ijj n ) -reflexive for some n > 0. 
(5') There is a cows diagram (|3.8.1[) such that G S( g,L C -dim i/j™ < oo and such that 

n S ®*s RHom s (S' ®\ (R ®% C),D S ) is derived RHoms(S (g>| ®^ C), L» s )- 
reflexive for some n > 0, where -D s is a dualizing ^-complex. 
Claim: if R has a dualizing complex, then condition (v) is equivalent to: 
(5) G^ 8 L C -dim(^" < oo and the complex n R ® ~ RHomg(.R ®Jj C, L> fl ) is derived 

RHom^(i? (g)^ C, Z3 fl )-reflexive for some n > where Z3 fi is dualizing for i?. 
Fact 11.141 implies that G^Lp-dimtJ?' 1 < oo if and only if Gc-dim</? n < oo. From 

Fact 11.41 we know that R <E>^ D is dualizing for R, so we have R®\D ~ D R . The 
complex R ®^ C is semidualizing for R, hence so is 

RHom^ ®^ C, D R ) ~ RHom^(i? ®^ C, ®^ D) ~ # ®£ C to . 

In X>(i?) we have 

(g>| RHom g (fl ®^ C, D R ) ~ "R <g>| ®^ c-to) ^ _r l ^ l c \ d j 

Thus, the ^-complex "R®^RHom g (.R®%C, L> fl ) is derived RHom^(^<8)^C, £> 5 )- 

reflexive if and only if R ®\ ( n R ®^ C to ) is derived R (8^ C tD -reflexive; by [TTJ 
(5.10) Theorem], this second condition occurs if and only if n R C2>^ C^ D is derived 
C' 13 -reflexive. This completes the proof of the claim. 



1(5 



S. NASSEH AND S. SATHER-WAGSTAFF 



By Case 1, conditions (1), (2), (2'), (3), (3'), (4), (5') and (5) are equivalent. 
Thus, the corresponding conditions (i), (ii), etc. are equivalent. □ 

Remark 3.9. As in Remark l3.31 we note here that in Theorem l3.8l fand subsequent 
results) we have more equivalent conditions. For instance, the given conditions are 
equivalent to the following: 

(ii') For every cows diagram (|3.5.1J) . we have S® R C ~ [S^i R C)(ip n ) for all n > 0. 

Next, we consider versions of Theorems 13.21 and 13.81 using Bass class conditions. 
A tool for this is the following generalization of [28j Theorem A] for complexes. 

Lemma 3.10. Let R — > S be a local ring homomorphism, and let M be a homologi- 
cally finite S -complex. Assume that ip: i? — > R is a contracting endomorphism. As- 
sume that there are infinitely many n €E N such that there is an integer t n > sup(M) 
such that Ext R (M, n R) = for t n ^ i < i„ + dcpth(i?). Then pd R (M) < oo. 

Proof. Set depth(i?) = d, and let F be a degree-wise finite S'-free resolution of M. 
Set j = sup(M) and M' = Coker(df +1 ). Then the complex 

► F J+1 -)■ Fj -)• M' -)■ 

is a degree- wise finite S'-free resolution of M' . It follows that for i ^ j + 1 we have 

Ext^ J (M 1 , n R) £ Ext^(M,"R). 

From our Ext-vanishing assumption, there are infinitely many n € N such that 
there is an integer t' n = t n -j>0 such that Ext^Af, n R) = for t' n ^ i < t' n + d. 
By the proof of [551 Theorem A], we conclude that pd R (M') < oo, and it follows 
that pd R (M) < oo. □ 

Theorem 3.11. Let tp: R — > R be a contracting endomorphism, and let C be a 
semidualizing R-complex. Then C ~ R in T)(R) if and only if n R G Bc(R) for 
infinitely many n ^ 1. 

Proof. The forward implication is straightforward since B R (R) contains all 7?- 
modules. For the converse, assume that n R € Bc{R) for infinitely many n ^ 1. In 
particular, there are infinitely many n S N such that Riiom R (C, n R) is homologi- 
cally bounded. Hence, there are infinitely many n £ N such that there is an integer 
t n > sup(C) such that Ext^C, n R) = for t n ^ i < t n + depth(i?). Lemma [3T0] 
implies that pd fl (C) < oo, so C - R by [11, (8.1) Theorem]. □ 

The next three lemmas are for use in the Bass class version of Theorem l3.81 see 
Theorem 13.151 below. 

Lemma 3.12. Let R -4- R x be a ring homomorphism, and let C be a semidualizing 
R-complex. Let L and N be R\-complexes such that fd Rl (L) < oo. // N € Bc{R), 
then L ® Rl N € Bc(R); the converse holds when L is a faithfully flat R\-module. 

Proof. Since L has finite flat dimension over R\, tensor evaluation [H 4.4 Lemma] 
provides the isomorphism RHom J? (C, N) ®^ L ^ RHom fl (C, N <S> Ri L). Thus, if 
RHonifj(C, N) is homologically bounded, then so is RHorri7?(C, N ® R L); and the 
converse holds when L is a faithfully flat i?i-module. 
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Next, consider the commutative diagram wherein the upper horizontal isomor- 
phism is from the previous paragraph: 

C ®\ (RHom fl (C, N) ®\ L) — C ®\ RHom fl (C, N ®\ L) 



(C <g>£ RHom fl (C, N)) ®^ L »- N ®^ L. 

From this, we conclude that £jy ig)^ L is an isomorphism if and only if l is an 

isomorphism. Thus, if is an isomorphism (hence £^ <E>^ £ is an isomorphism), 
then so is l - When L is a faithfully flat i?i-modulc and l is an iso- 

morphism, then ®^ F is an isomorphism, so faithful flatness implies that is 
an isomorphism. □ 

Lemma 3.13. Let R R x ^ S be ring homomorphisms, and let C be a semid- 
ualizing R-complex. Assume that a is flat. If R± 6 Bc(R), then S G Bc{R); the 
converse holds when a is faithfully fiat, e.g., when a is local. 

Proof. Use N = i?i and L = S in Lemma EH □ 

Lemma 3.14. For every cows diagram (|3.5.ip and every n G N ; one has n R G 
Bc(R) if and only if n S G B S ^ C (S). 

Proof. The cows diagram Q3.5.ip yields a commutative diagram 

R^^S 




Since a is faithfully flat, Lemma T3.13I shows that n R G Bc{R) if and only if n S G 
B c (ii), and P3J (5.3.a) Proposition] shows that n S G B c (i?) if and only if n S G 

Theorem 3.15. Let tp: R — > R be a contracting endomorphism, and let C be a 
semidualizing R-complex. Then the following conditions are equivalent: 

(i) R is Gorenstein. 

(ii) Gc-dim Lp m < oo for all m > 0, and n R G Bc(R) for all n > 0. 

(ii') For every cows diagram (|3 . 5 . 1[) . one has G S(8 L C -dim^ m < oo for all m > 0, 

and n S G B S0 l c (S) for all n > 0. 
(hi) Gc-dim <p m < oo for infinitely many m > 0, and n R G Bc{R) for some n > 0. 
(hi') There is a cows diagram (|3 . 5 . 1[) such that Gg^L^-dim ip m < oo for infinitely 

many m > 0, and n S G B s ^lq{S) for some n > 0. 
(iv) Gc-dim ip m < oo for some m > 0, and n R G Bc(R) for infinitely many n > 0. 
(iv') There is a cows diagram (|3.5.1j) such that Gg^L^-dimi/)'™ < oo for some 

m > 0, and n S G Bg^c(S) for infinitely many n > 0. 

Proof. The implications (ii) => (iii) and (ii) (iv) are trivial. The equivalences 
(ii) (ii'), (iii) <^==> (iii'), and (iv) (iv') follow from Lemma T3. 141 

(i) => (ii) Assume that R is Gorenstein. Then we know from [TTJ (8.6) Corollary] 
that C ~ i?, so Bc{R) = Br(R) contains every i?-module, in particular ™R G Bc(R) 
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for all n > 0. Also, since R is Gorenstein, we have Gc-dim ip m = G-dim ip m < oo 
for all m > by [211 6.6. Theorem]. 

(iii) =>• (i) Assume that Gc-dim (p m < oo for infinitely many m > 0, and 
n R £ Bc{R) for some n > 0. Theorem 13.81 implies that C is dualizing for R. 

Case 1: i? is complete. In this case, ip n has a Cohen factorization R —> R' 
R. From [TTJ (5.3.b) Proposition] the condition n R £ Bc(R) implies that R £ 
B R ,^ C (R'). As C is dualizing for R and f is weakly regular, it follows that 

R' <8>^ C is dualizing for R' . Because of [T2J. 4-4. Theorem], we conclude that 
In particular, the local ring R' has a cyclic module of finite 
G-injective dimension, so R' is Gorenstein by [HI Theorem A]. The fact that f is 
flat and local implies that R is Gorenstein. 

Case 2: the general case. The ring R is Gorenstein if and only if R is Goren- 
stein. Since Gc-dim ip m < oo for infinitely many m > 0, Fact 11.141 implies that 



G 



-dim</J m < oo for infinitely many m > 0. By Case 1, it suffices to show 



that the assumption n R £ Bc(R) implies that n R £ B^„^ c 
commutative diagram of local ring homomorphisms 



(R). Consider the 




where the unspecified maps are the natural ones. The assumption n R £ Bc(R) im- 
plies that R £ Bc(R) by Lemma 15. 131 From [ITJ (5.3.b) Proposition] we conclude 
that R £ B^„L C (i2), as desired. 

(iv) => (i) Assume that Gc-dim <p m < oo for some m > 0, and n R £ Bc(R) 
for infinitely many n > 0. Theorem 13.111 implies that C ~ R in V{R). Thus, 
the assumption Gc-dim ip m < oo translates to G-dim ip m < oo, and we conclude 
from [23l 6.6. Theorem] that R is Gorenstein. □ 



4. Results Specific to the Frobenius Endomorphism 

We begin this section with a combination of [H Proposition 12.2.7] and |20l 
Proposition (0.10.3.1)]. 

Lemma 4.1. Let (i?,m, k) be a local ring of prime characteristic p > 0, and let 
k C K be a field extension. Then there is a commutative diagram of local ring 
homomorphisms 



R' 



1 


f& fs 




^\ 

1 


a' 


1 



S' 



^See |12l I15| for background on G-injective dimension. 
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such that the maps a and a' are weakly Stale, the rings S and S' are complete, the 

Vr f'fi.. S , „ <ps, at V>'s, 



diagrams R — ^> R' — ^> R and S — -> 5" S are minimal Cohen factorizations 
of /2 and fg, respectively, the natural map S' <S>\> R ^ S is an isomorphism, and 
the induced map R/m S/mS is the given field extension k C if. (In particular, 
this is a factorized pushout diagram.) If if is F -finite, then so are S and S' . 



Proof. This conclusion is unchanged if we replace R by R, so we assume that R 
is complete. By Cohen's Structure Theorem there exist integers e,m and 
elements fx, ■ ■ ■ , f m e k[xi, ...,x e ] such that R = k{x 1: . . . , x e ]/(/i, . . . , f m ), and 
the images of x\, . . . ,x e in R minimally generate m. Set x = x%, . . . , x e , and use the 
notation x a = x" 1 • ■ ■ i" e for all a = (ax, . . . , a e ) e N e . Also, set f = fx, ■ ■ ■ , f m . 
We identify R with the ring fc[x]/(f) for the remainder of the proof. 

Let S = If [x] /(f), and let a : R — !> S be induced by the inclusion k C if. Then S 
is a complete local ring, and a makes S into a local i?-algebra of characteristic p. It is 
straightforward to show that the map fc[x] — > if [x] induced by the inclusion k C if 
is flat (e.g., using [26j Exercise 22.3]). Hence, a is flat by base-change. Moreover, 
a is weakly etale since the maximal ideal of S is (x)S 1 = mS* by construction. 

We use the following notation of [HI Proposition 12.2.7]. For g = EaeN" r a xa j 



set g 



\p n ] = 



x a . Then a minimal Cohen factorization of /S is given by the 



following maps. The weakly regular part is ip R : fc[x]/(f) — > fc[x]/(f ' p "')[y] given 
by <PB.(g + (f)) := <?' p ' + (f' p ') where y = yx, ■ ■ ■ ,y e is another list of variables. 
The surjective part is the composition cp' R — 4>' r pr where 4> R and p R are defined 
next. First, we have p R : fc[x]/(f ' p "')[y] — > fc[x]/(f p ") which leaves the elements 
of k fixed and such that p R (x % + (f^l)) = xf + (f p °) and p R (y % + (f^)) = 
x. ( + (f p ™). Next, we have the natural surjection 4> R : fc[x]/(f p ") ->■ fc[x]/(f). As 
is observed in the proof of [9j Proposition 12.2.7], Ker(p^) is generated by the 
,x e — y% . The factorization of is defined similarly in 



sequence xi 



p 



terms of <pg, ps, and 

This provides the outer edges of the following commutative diagram: 



R=kM/(i) 



R' := fc[x]/(f 



fc[x]/(P ) 




5 = if 



W/(f) 




i? = Mxl/(f) 



if 



S' :=if[x]/(f^])[y] 




if[x]/(f*>") 



x]/(f). 



The maps a' and a* are induced by the inclusion k C if . Hence, they are weakly 
etale, by the same proof as for a. 

Next, we verify the pushout condition. Since 4> R p R and (f>gps are surjective 
and a' is flat, it suffices to show that ~Ker(<fi'gps) is generated by the images in 
if [x]/(f I p "l)[y] of the generators of Ker(4> R p R ). From the above discussion, we 
know that Ker(p R ) is generated by the sequence x\ — y\ , . . . , x e — yf . Since ps is 
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constructed exactly like pr, we conclude that Ker(ps) is generated by the sequence 
x-y — y\ , . . . , x e — y% . Also, by construction, Ker(^) and Ker(</>g) are generated 
by the images of f in the respective rings. Thus, Ker^'^p^) and Ker(cj)gps) are 
both generated by X\ — y\ , . . . , x e — y v e , f as desired. 

Finally, if K is F-finite, then S and S' are F-finite by [13 Corollary 2.6]. □ 

The next result is like Theorem 13.81 

Theorem 4.2. Let (i?,m, fc) be a local ring of prime characteristic p > 0, and let 
C be a semidualizing R-complex. Then the following are equivalent: 

(i) C is a dualizing R-complex. 

(i') There is a complete weakly Stale F -finite local R-algebra S such that S <X>^ C 
is dualizing for S. 

(ii) R <g)£ C ~ (R ®£ C)(f\) for some n > 0. 

(ii') There is a complete weakly Stale F-finite local R-algebra S such that S^kC ~ 

(S 0^ C)(f§) for some n>0. 
(hi) Gc-dim < oo and R®\C is derived (R<B>\C)(f&) -reflexive for some n > 0. 
(hi') There is a complete weakly Stale F-finite local R-algebra S such that for some 

n > we have G S8 L C -dim < oo and S ®^ C is derived (S ®^ C)(/s)- 

refiexive. 

(iv) Gc-dim /S < oo for infinitely many n > 0. 

(iv') There is a complete weakly Stale F-finite local R-algebra S such that for in- 
finitely many n > we have Gg^L^-dim/g < oo. 
(v') There is a complete weakly Stale F-finite local R-algebra S such that for some 
n > we have G S8 L C -dim/g < oo and n S®%RH.om s {S®^,C,D s ) is derived 
RHoms^ (gijj C, D s ) -reflexive, where D s is a dualizing S-complex. 

If R has a dualizing complex D, then these conditions are equivalent to the following: 

(v) Gc-dim fft<oo and n R <£>Jj C^ D is derived C^ D -reflexive for some n > 0. 

Proof. The proof is like that of Theorem 13.81 The only difference is in the equiva- 
lences (ii) (ii') and (iii) (hi'), in which we use Lemma l4.1| where K is an 
algebraic closure of k. □ 

The last result of this section is proved like Theorem 13. 151 

Theorem 4.3. Assume that R is a local ring of prime characteristic p > 0, and 
let C be a semidualizing R-complex. Then the following conditions are equivalent: 

(i) R is Gorenstein. 

(ii) Gc-dim /Jj 1 < oo for all m > 0, and n R G Bc{R) for all n> 0. 

(ii') For every complete weakly Stale F-finite local R-algebra S, one has n S G 
B S g,i* c (S) for all n > 0, and Gg^Lp-dim/™ < oo for all m > 0. 

(iii) Gc-dim /jj? < oo for infinitely many m > 0, and n R G Bc{R) for some n > 0. 
(hi') There is a complete weakly Stale F-finite local R-algebra S such that n S G 

Bs^vq(S) for some n > 0, and G^L^-dim f™ < oo for infinitely many 
m > 0. 

(iv) Gc-dim /Jj 1 < oo for some m > 0, and n R G Bc(R) for infinitely many n > 0. 
(iv') There is a complete weakly Stale F-finite local R-algebra S such that n S G 

B s ^-lq(S) for infinitely many n > 0, and Gg^Lp-dim/™ < oo for some 
m > 0. 
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Appendix A. A Construction of Endomorphisms 



The point of this section is found in Proposition IA.31 which guarantees the 
existence of non-trivial cows diagrams (|3.5.1I) ; see Remark [ 



Lemma A.l. Let a: k — » k be a field endomorphism. Then there is a commutative 
diagram of field extensions 




(A.1.1) 



such that a is an isomorphism. Moreover, if a is separable, then so is f3. 

Proof. Let K be the direct limit in the category of fields and field extensions of the 
directed system k k k ■ ■ ■ . The universal mapping property for direct 
limits provides a unique field endomorphism a : K — > K making the following 
diagram commute 




where the maps /3$ are the universal ones for K. With /3 := [3%, we have the 
commutativity of (|A. 1 . 1|) . so we need to show that a is an isomorphism. Since a 
is a morphism of fields, it is injective, so we need only verify surjectivity. For this, 
let x € K = UJLj Im(/3i). Then there is an index i and an element y € k such that 

x = Pi{y) = Pi+i(a(y)) = a{[3 i+ i(y)) £ Im(S). 

this yields the surjectivity of a. 

To complete the proof, assume that a is separable. It follows that a n is separable 
for each n ^ 1. To show that f3 is separable, we need to show that for every 
intermediate field k — > F — > K such that F is finitely generated as a field extension 
of k, the extension k — > F is separably generated; see [22l Theorem VI. 2. 10]. Again, 
K is the union of the images of the (3i . The finite generation condition on F implies 
that the generators for F over k lie in some "finite stage" of the limit. In other 
words, the commutative diagram 

k F 




K 
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gives rise to another commutative diagram 

k 



k 




for some n ^ 1. Since a n is separable, the intermediate extension k -> F is 
separably generated, as desired. □ 

The next result takes a construction of Grothendieck 20, Proposition (0.10.3.1)] 
and manipulates it a bit, similarly to Lemma |4. II 

Lemma A. 2. Let ip: (i?, m, k) — > (R,m,k) be a contracting endomorphism, and 
consider a commutative diagram of field extensions 



(A.2.1) 



where ip is the map induced by ip. Assume that ft is separable. Then there is a 
commutative diagram of local ring homomorphisms 




(R,m,k) 
(i?,m,fc) 



(S,mS,K) 
(S, mS, K) 



(A.2.2) 



such that S is complete, (3 is weakly Stale, ip is a contracting endomorphism, and 
the diagram induced by (|A.2.2I) on residue fields is (jA.2.11) . 

Proof. By [20l Proposition (0.10.3.1)] there is a weakly etale local ring homomor- 
phism f3: (R,m,k) — > (S,mS,K). Replace S with its completion if necessary to 
assume that S is complete. Since the induced map j3 : k — > K is separable, we 
conclude that j3 is formally smooth. Since S is complete, a standard application of 
smoothness provides a local ring homomorphism ip: S — > S such that (1) ip induces 
a on residue fields, and (2) ip respects the i?-algebra structures given by /? and /3tp, 
that is, such that the diagram I A . 2 . 2 1 commutes . 

It remains to show that ip is contracting. For this, fix an integer i 1 such that 
(p l (m) C m 2 . Then 

f {mS) C ip i (mS)S = ip l 0(m))S = /3(^(m))5 C ^(m 2 )^ = (mS) 2 
as desired. □ 



Proposition A. 3. Let ip: (R,m,k) — > (R,m,k) be a contracting endomorphism 
such that R/ip(m)R is artinian and the induced map Tp: k — J> k is separable. Then 
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there is a commutative diagram of local ring homomorphisms 



(R, m, k) 



(R, m, k) 



(S, mS, K) 



{S, mS, K) 



(A.3.1) 



such that ft is weakly etale and the induced map k —¥ K is separable (hence f3 is for- 
mally smooth), S is complete, and ip is a module-finite contracting endomorphism. 



Proof. Lemma IA.1I provides a commutative diagram of field extensions 




(A.3.2) 



such that a is an isomorphism and /3 is separable. Hence, Lemma I A . 2 1 implies that 
we have a commutative diagram of local ring homomorphisms 



(R, m, k) 
(R, m, k) 



(S,mS,K) 
(S, mS, K) 



(A.3.3) 



such that f3 is weakly etale, ^ is a contracting endomorphism, and the diagram 
induced by (|A.3.3|) on residue fields is (IA.3.2|) . To avoid ambiguous notation, given 
an 5 f -module M, let denote the S'-module structure on M given by restriction 
of scalars along ip. 

It remains to show that ip is module-finite. Since S is complete and local, the 
complete Nakayama's Lemma [26j Theorem 8.4] says that it suffices to show that 
^(S/ip(mS)S) has finite length over S. Since the map a: S/mS -> S/mS induced 
by if) is an isomorphism, if M is an ^-module of finite length, then also has 
finite length; in fact, the lengths are the same in this case. Thus, it remains to 
show that S/4>(wS)S has finite length over S. 

By assumption, the quotient ring R/(p(m)R is artinian. This means that m n C 
ip(xn)R for n 3> 0, so 

(mS) n = (3(m n )S C P(tp(m))S = ip0{m))S = ip(mS)S. 
We conclude that S/ip(mS)S is artinian, so it has finite length over S. □ 
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